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Abstract 



H ' The gravity duals of nonlocal field theories in the large N limit exhibit a novel 

behavior near the boundary. To explore this, we present and study the duals of dipole 
theories - a particular class of nonlocal theories with fundamental dipole fields. The 
nonlocal interactions are manifest in the metric of the gravity dual and type-0 string 
theories make a surprising appearance. We compare the situation to that in noncom- 
mutative SYM. 



1 Introduction 



At the boundary, the metric of AdS^+i, ds'^ = ^{dt^ — dx\ — ■ ■ ■ — dx'^_i — du^), becomes 
infinite. This way the boundary is described by classical geometry, and quantum gravity on 
AdS^+i can correspond to a local field theory on a classical space 0, H, 

The AdS/CFT correspondence can be extended to field theories on a noncommutative 
space 1^, 1^, 1^. The gravity dual for the large N limit of A/" = 4 Super- Yang-Mills theory on 
a noncommutative (NCSYM) with the noncommutativity in the 2, 3 directions has the 
metric ||, |] 

ds^ = —Tridt"^ — dx\ — h[dx\ + dxo) — du^) 

where h = ,^i^Q2 with 9 = 623 the typical length scale in the theory. Here the boundary, 
M — > 0, is no longer classical. Indeed some components of the metric tend to zero on the 
boundary. 

Our motivation for this paper is to understand how nonlocality in the field theory affects 
the metric of its gravity dual near the boundary. Unfortunately, field theories on noncommu- 
tative spaces can be quite complicated; they exhibit UV/IR mixing and nonlocal behavior on 
varying scales. UV/IR mixing, which means that high momentum is associated with large- 
scale nonlocality and arbitrarily small momentum introduces a new short-distance scale, can 
even obstruct the renormalization procedure Q . Although A/" = 4 NCSYM is a finite 
theory and renormalizability is not an issue, noncommutative geometry doesn't appear to 
be the simplest way to introduce nonlocality. There is a simpler way. 

We will study a class of nonlocal gauge field theories in which some of the fields correspond 
to dipoles of a constant length. Such theories were discussed in |jlO| in the context of T- 
duality in noncommutative geometry. They were realized in string theory in a different 



setting in ||TT[. Also see |T2|, |13|, |14| for previous appearances of such a theory. 

At low energies these "dipole theories" can be described as a deformation of A/" = 4 SYM 
by a vector operator of conformal dimension 5. This can be compared to the deformation by a 
tensor operator of conformal dimension 6 that describes NCSYM at low energy |T5|, |TB|, |T^]. 
If the conformal dimension and the size of the Lorentz representation is an indication of 
simplicity, then it is reasonable to expect that dipole theories might be simpler than NCSYM. 

The more interesting questions, however, hover in the UV region of the theory. At 



1 



distances shorter than the scale of the nonlocahty, we expect to find new phenomena. 
Our ultimate goal is to answer the following questions: 

• How is the nonlocality of the dipole theory manifested in the boundary metric? 

• How does this manifestation of nonlocality compare to that of noncommutative geom- 
etry? Are these features generic to the gravity duals of nonlocal field theories? 

In section (|^ we answer the first question for a particularly simple dipole theory. In the 
discussion, we show that this effect is analogous to a feature of the supergravity dual of non- 
commutative geometry. We also make some comments about the nature of the supergravity 
dual for generic nonlocal theories. 

The particular dipole theory that we study breaks supersymmetry entirely. We chose 
to work with it because the supergravity equations are simplified. The fermionic degrees of 
freedom, however, require extra care. As we will argue, type-0 string theory with a strong 
RR field strength has to be used in order to correctly describe the gravity dual. 

The paper is organized as follows. In section (^) we review the construction of dipole 
theories. In section we describe a simple string theory realization of these theories and 
then calculate their gravity dual in section (^. In section (|^) we compare the gravity dual 
and the field theory in the infrared. In section we study the geometry of the gravity dual. 
In section (|^ we demonstrate the nonlocality of the boundary. In section we discuss a 
puzzle related to the nonlocal behavior of the fermions and argue that type-0 string theory 
has to be invoked to resolve it. In section we compute some correlation functions and 
show how they exhibit some generic features of nonlocality. Finally, in section (|1^) we 
discuss how the features we have found here might be generic to the supergravity duals of 
all nonlocal field theories. 



2 Dipole Theories 

Dipole theories are nonlocal field theories that also break Lorentz invariance. They were 



obtained in |10] by studying the T-duals of twisted fields in noncommutative gauge theory. 



Below, we will describe how to make a dipole theory out of an ordinary field theory. 
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2.1 Definition 



We start with a local and Lorentz invariant field theory in d dimensions. In order to turn it 
into a nonlocal theory we assign to every field a vector {fi = 1 . . .d). We will call this 
the "dipole vector" of the field. 

The fields $a can be scalars, fermions, or have higher spin. Next, we define a noncom- 
mutative product 

($i^$2)^ = $i(x-iL2)$2(2; + ^Li). (1) 

It is easy to check that this defines an associative product provided that the vector assignment 
is additive, that is, $i^$2 is assigned the dipole vector Li + L2. For CPT symmetry, we 
will require that if $ has dipole vector L then the charge conjugate field, is assigned the 
dipole vector —L. We will also require that gauge fields have zero dipole length. 

In order to construct the Lagrangian of the dipole theory we need to replace the ordinary 
product of fields with the noncommutative ^-product (|l]). In general, there might be some 
ordering ambiguity, but the theories we will consider below are SU{N) gauge theories and 
have a natural ordering induced from the noncommutative products oi N x N matrices. 

We have seen that the requirement of associativity translates into a requirement of ad- 
ditivity for the dipole vectors. One way to ensure this is to have a global conserved charge 
in the theory such that a field $a has charge Qa- We then pick a constant vector and 
assign to every field $a (a = 1 . . . n, where n is the number of fields in the theory) the dipole 
vector QaL^- More generally, we can have m global charges such that a field $a has the 
charges Qja {j = 1 . . . m) . We can then pick a constant d x m matrix B^-' [n = 1 . . . d and 
j = 1 . . .m) and assign the field a dipole vector X^jLi ^^^Qja- 

Extending this definition by allowing Qa to be the momentum we see that noncommu- 
tative Yang-Mills theory can also be thought of as a dipole theory. The matrix then 
becomes {v = 1 . . .d) and is required to be antisymmetric. The dipole lengths are then 
both proportional to and transverse to the momentum |T3, ITI 



2.2 A Dipole Deformation of = 4 SYM 

The dipole theories that we study in the rest of this paper can be obtained from ordinary 
SU{N) TV = 4 SYM in 3-l-lD by turning the scalars and fermions into dipole fields. J\f = 4 
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SYM has 6 real scalars in the representation 6 of the R-symmetry group SU (4) and 4 Weyl 
fermions in the representation 4 of SU{A). We will use the global R-symmetry charges to 
determine the dipole vectors of the various fields as follows. Pick 3 constant commuting 
elements G s-u(4) (/i = 1 . . . 3 and we will not consider time-like dipole vectors in this 
paper), where sm(4) is the Lie algebra of 5*^7(4). Take to have dimensions of length. 
Denote the matrix elements of in the representation 4 as t/j^ — 1 ... 4) . Here If^ is 
a traceless Hermitian 4x4 matrix. Denote the matrix elements of in the representation 
6 as M^fj {a,b— 1 ... 6). M*^ is a real antisymmetric 6x6 matrix. 

Let Ua^ {a, I = 1 ... 6) be an eigenvector of M'^ with (real) eigenvalue Lf so that 
Mj^^^u^p = L^Ua^ . Ua^ does not depend on /i because [M^, = 0. Let 0^ (a = 1 ... 6) be 
the 6 real scalar fields of A/" = 4 SYM. Then the complex valued scalar fields 0*^'-' = Yla Va 
are assigned a dipole vector with components 27rL^ {/i — 1 . . .d). Similarly, the fermionic 
fields are assigned dipole vectors that are determined by the eigenvalues of the matrices U^. 



2.3 Supersymmetry 

The dipole theories obtained from J\f — A SYM in the previous subsection are parameterized 
by d constant traceless Hermitian 4x4 matrices U^. For simplicity we will set — U'^ — 
and U = U^. Thus, the dipole vectors are all in the 3^*^ direction. The matrix U has 
dimensions of length, and its eigenvalues determine the dipole vectors of the various fields. 
Let the eigenvalues be «i, a2, «3, — (ai + 0:2 + as)- Then, the dipole vectors of the various 
scalar fields are given by ±{ai + aj) (1 < i < j < 3). 

The number of supersymmetries that are preserved by the dipole theory is determined 
by the rank r oiU: 

• If r = 4, then the theory is not supersymmetric at all. 

• If r = 3, there is one zero eigenvalue that we take by convention to be — 0, and the 
theory has Af — 1 supersymmetry. 

• If r = 2, there are two zero eigenvalues that we take to be a2 = as = 0. The theory 
then has M — 2 supersymmetry. The vector multiplet of jV" = 4 SYM decomposes as a 
vector multiplet and a hypermultiplet olM — 2 SYM. All the fields in the J\f — 2 vector 
multiplet have dipole vector 0, and the fields in the hypermultiplet have dipole vectors 
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±ai. 

Because we can realize dipole theories without supersymmetry, one might ask if poles 
similar to those discovered in ^ might arise in the perturbative expansion of the theory. 
In fact, they do not. This can be seen by examining the expression of p|, for the effective 
cutoff 

Aeff 



We recognize 6p as the length of the dipoles in noncommutative geometry. Thus, the anal- 
ogous expression in our theory is 

1 



A, 



cff 



+ L2 

which, as it is independent of the momenta, gives rise to no new poles. 



3 String Theory Realization of Dipole Theories 

In order to find the gravity dual of the large limit of a particular dipole theory, we need 
to find a simple string theory realization for it. We now do this for a large class of dipole 
theories. 

In [0 , a realization of dipole theories with M = 2 supersymmetry was suggested using 
D3-branes that probe the center of a modified Taub-NUT geometry. While this realization 
is convenient for a BPS analysis it is hard to extract the gravity dual from it, and it is not 
obvious how to generalize it to dipole theories that break Af = 2 supersymmetry. 



Fortunately, the Taub-NUT space that was used in ||Tl|] is not an essential ingredient. 
We can find an alternative setting that has the same behavior near the brane probes. This 
setting, which we will describe below, has the disadvantage that the geometry is not asymp- 



totically Euclidean at infinity. Nevertheless, it has been constructed in string theory |^ and 
is good for extracting the gravity duals that we seek. Other worldsheet CFTs that break 
Lorentz invariance have been studied in p^ . 

The backgrounds that we consider are twisted versions of type-II string theory. They are 
related to the Melvin solution and are in fact identical to the backgrounds discussed in 



and more recently in p5|, As was shown in ||2^, the twisted backgrounds are unstable. 
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and the instability is similar to that discussed in [^. This instability is exponentially 
suppressed as Qs —* and is likely to be completely absent when some supersymmetry is 
preserved. For the time being we will ignore the instability. We will return to this point in 
the discussion. 

3.1 The T-dual of a Twist 

We will first describe a type-II background without branes and then later we will add the 
brane probes. Consider type-IIA string theory on a space that is MP'^ modded out by the 
isometry 

6 

U : (Xo, Xi,X2, X3, {x3+a}Ll) ^ i^O, Xi,X2, X3 + 27ri?3, ObaX3+a}l=l)- 

6=1 

Here O G SO (6) is an orthogonal matrix. The twisted compactification is parameterized by 
i?3 and, because we need to define the action on fermions, an element of Spin{6) = SU{4). 
This background is, in general, modified by quantum corrections, but O and R3 are defined 
by their asymptotic values at infinity. We will denote this background by X{0,R3). Note 
that if i?3 > the isometry U has no fixed points and therefore O is not necessarily of finite 
order. 

Now consider probing X{0, R3) with D2-branes in directions [xq, xi,X2) and then taking 
the limit -R3 ^ together with O = e ^ where M is a finite matrix of the Lie algebra 
so{6) = s-u(4) with dimensions of length and ^ is the inverse string tension. 

When M = 0, we can perform T-duality to transform the D2-branes into D3-branes. 
When M 7^ 0, we will now show the low energy description of the probe is a dipole theory. 

3.2 Branes Probing Dual Twists 

We wish to find the low energy Lagrangian describing D2-branes that probe the twisted 
geometry of subsection ( |3.1[ ). The light degrees of freedom come from the strings with 
two Dirichlet boundary conditions, i.e., fundamental strings with ends on the D2-branes. 
Because i?3 — 0, we have to set the string oscillators to their ground states, but the winding 
number can be arbitrary. 
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To obtain the Lagrangian, we can adopt a procedure similar to the one described in 
28| , ^ Q for noncommutative gauge theories. Also, the construction that we present here 



is reminiscent of the construction in |31| . In momentum space, the action of the dipole theory 
is obtained from the action of A/" = 4 SYM by inserting certain phases. Let . . . , ^n{Pn) 

be fields in the adjoint representation of U{N) and suppose that Af = 4 SYM has a term of 
the form 

tr{$i(pi)---$„(p„)}, (2) 

in the Lagrangian (of course n < 4). The variables pi are the momenta. Let the dipole 
vectors of the fields be Li, . . . , L„. We have 

n n 

Y,Li = 0, = 0. 

i=l 1=1 

The dipole theory is obtained from the ordinary A/" = 4 SYM theory by inserting the phases 

g«Ei<i<j<„Pi-f'i (^3) 

in front of terms like (0). Now let us consider branes probing X{0,R3). For simplicity, let 
us assume that the twist, O, acts only on Z = + iX^ as Z — > e*"Z. We will refer to the 
angular momentum corresponding to rotation in the Z-plane as the Z-charge. 

In the case that a = we know that the theory on the D2-brane probe is A/" = 4 SYM. The 
states with momentum along the S*"*^ direction, in the SYM theory, correspond to winding 
states along the 3'"'^ direction in the string theory setting. 

Now let us turn on the twist, a. Consider a string disc amplitude that calculates the 
interaction of n open string states with winding numbers Wi, . . . ,Wn and with Z -charges 
qi,...,qn- The worldsheet theory has a global U{1) symmetry corresponding to the Z 
charge. The string vertex operators that correspond to the external states are charged under 
this f/(l) symmetry. The disc worldsheet has cuts that emanate from the external vertex 
operators on the boundary. Along the j*^ cut, the worldsheet field Z jumps by a phase e*"*. 
We can redefine the field Z to be continuous, but then there will be additional phases coming 
from the vertex operators on the boundary. It is easy to see that this phase is 

This is illustrated in figure 0. It agrees with (H) because 

I ^ /-I n 

Lj = a -f^qj, Pj = 01 R^Wj. 



Upper Half Plane 

cut 




$1 



Figure 1: An r-point amplitude with vertex operators that carry winding numbers. It 
requires r cuts on the worldsheet. 



In 3+lD, the photon of the U{1) C U{N) center of the gauge group is likely to become 



massive via a dynamical mechanism similar to the one described in ||3^ for quiver theories, 
so that the gauge group is actually just SU{N), but we will ignore this for the time being. 



4 Supergravity Solution for a Twisted Brane 

We now turn to the task of describing the supergravity duals of these dipole theories. We 
will use the string theory realization of dipole theories as described in the previous section. 

We will find the exact classical supergravity solutions in four steps: 

1. We start with the D3-brane solution of type-IIB classical supergravity and compactify 
one of the directions parallel to the D3-branes. We will call it the 3'''^ direction. 

2. We perform T-duality on the 3'^'^ direction to obtain a solution that describes D2- 
branes in type-IIA. The solution, however, will be translationally invariant along the 
grd fii];gction, and, as such, it describes smeared rather than localized D2-branes. 

3. We now insert a transverse SO (6) twist into the geometry by hand. This is accomplished 
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by simply changing the boundary conditions for the 6 transverse coordinates as we 
complete a circle around the 3^'^ direction. Locally, the metric is unchanged. 

4. Finally, we use T-duality to turn the smeared D2-branes back to D3-branes. 

In this paper we will restrict ourselves to cases where all the dipole vectors of the fields 
in the theory are oriented in the same direction. This was direction 3 above. In appendix 
we present the generalization for generic dipole vectors. We now turn to the details. 

4.1 The Type-IIB D3-Brane 

First, the conventions. We work in the (+, —,...,—) metric. Greek indices are /i, i/ = . . . 2. 
The time direction is t = xq. The direction that we T-dualize is the 3'"'^. The remaining 
directions, perpendicular to the brane, are labeled by roman indices a, 6 = 4 ... 9. All metrics 
will be in string frame. 

We start with the metric for a D3-brane (note that all the x's have dimensions of length) 
dsl^J. = H~^{dt^ - dx\ - dxl ~ ^xf) - H^{5ahdx"-dx^) 

where 

and we have the following backgrounds for the RR 4-from potential and the dilaton respec- 
tively 

'-'0123 — ) e — e . 

Next, we compactify along x^ with radius R3 = R. The metric is now 
ds"^ = H-^dt^ - d^^dx^'dx" - R^dxl) - H^6abdx''dx'') 
Note that £3 is now dimensionless and periodic X3 ~ £3 + 2n. 



4.2 A Smeared D2-Brane with a Twist 



We now T-dualize around X3. Following [^, |3^, we have 



(3) 
012 



ds' 



H-^ {dt^ - dxl - dxl) - (^^dxj + dxj + 



■ + dxl 



This is a smeared D2-brane. We can now add a twist to the transverse directions X4, • • • , 
as we travel around the circle X3. In particular, we take an element of the Lie algebra so(6), 
flab, s-nd change the metric to 

ds'^ = H~^{dt^ - dxl - dxl) - l^'^ R~'^dxl + ^ - ^ flabXbdx^, 

We can expand this out, giving 

ds^ = H-^{dt^ - dxl - dxl) 

-H^ ^{a'^R-^ + x'^fl'^flx)dxl + dx'^ dx - 2dx'^ fix dx^^ 

where x is the vector formed hy Xa (a = 4 ... 9). 



4.3 And Back to the D3-Brane 

Once again, we apply the T-duality formulae (recall that x^ is dimensionless, while all the 
other coordinates have dimension of length) 

de - dxl - dxl - ^,2R-.ls-ra^^/ -l 



—H2 ( dx^dx 



(dx'^flx)^ 



a 



We also have 



(4) _ H-1 

dx~^flx 



a 



,2(0-</.o) 



a'2i?-2 + S^fL^fLx 
1 

1 + a'-'^R'^x^fl^flx 



which we will address later on. 

Defining x — rfi so that ||n|| = 1, our metric becomes 



/2 

,2 ^ 



ds — H 2 [ dt — dx^ — dxn ^ --^ — = dx^ 

* ^ ^ a'^R-^ + r^h^fl^flh ^ 

„4 



1 / T 

* a'^R-^ + r^n^fl^fln ' 
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4.4 The Near-Horizon Limit 

In these coordinates, the horizon is at r = 0, and so the near-horizon Umit is r small. We 
can therefore approximate 



Substituting this into the metric, we obtain 



ds^ = (r/TZ)^ ( dt^ — dxi — dxl „ ^ „ — ^ n^-r^-r^^ dxl 



/2 



Finally, we make the substitution u — jr 

\ 12 (|)2 + p^T^T^^ i) y2 



R> 

where = ^ = 47rg'YM-^- The dilaton and the NSNS 2-form field are 



EB^dn"' ^ 5 dnJfln, 

a if^ 



g2(</.-0o) 1 



1 + ^A^nTQTQ^ 

Now we take the limit R oo keeping RQ = M fixed. We also redefine £3 = Note that 
X3, u and M have dimensions of length. We find 

,2 _ / 7,2 J 2 .2 7 .2 " 



= dt — dX-t — dXr, — du ;^ riTT^FTT^FTT^rC^a;, 

-7^2 f dn^dfi - ^^^^(fi^M^dn)A (4) 

V 7/2 + A^n^M^Mn^ ^ ^ ^ 



The NSNS 2-form field and the dilaton are 



a 

„2(</,-</.o) _ 



(5) 



+ A^n^M^Mn 

Given this form of the metric it is not obvious that the region ^ ^ 1 indeed decouples 
from the bulk, as we have assumed. In principle, one can calculate scattering amplitudes for 
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gravitons as in In some cases one can see from the scattering amplitudes that the 

bulk does not decouple (see for instance [0^). 

In our case, the geometry is strongly coupled when u is small, as will be discussed in more 



detail in subsection ( [7. 1|) , and evaluating the scattering amplitudes is difficult. Nevertheless, 
there is no reason to expect that the bulk will not decouple. The dipole-theories describe 
well defined renormalizable theories that do not require additional degrees of freedom in the 
UV. 



5 Comparison to the Field Theory in the Infrared 

For M = 0, the metric describes AdSs x with boundary at m = 0. The IR region 
corresponds to large u. For large u the deviation from the standard AdSs x metric 
describes a deformation of A/" = 4 SYM by irrelevant operators. 



In |]T0|, the first order correction to the SYM Lagrangian was determined as the dipole 



length times the dimension 5 operator 



O^-^ = — tr{F/$[^D^<l>^] +^(L)^<I)^^)$[-^$^$''l} + fermions 

9yM 

Here I, J = 1 ... 6 are R-symmetry indices, (/ = 1 ... 6) are the scalars, = — 
i[Af^, ■] is the covariant derivative, Ff^^, is the field strength and [■ ■ ■] means complete anti- 
symmetrization. Oj/ is a vector operator that transforms in the 15 of the R-symmetry group 
SU{4). 

We should be able to find the dual of this in the supergravity. The only vector field on 
AdS that we have obtained is the two-form 

a 

In particular, at 0{L), we have 

Bsa = ^M,6n^ 

When acted upon by O G 5*0(6), B^a transforms as 
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Because M is in the Lie algebra, so(6), we recognize this as the adjoint representation, 15 or, 
in terms of spherical harmonics, the k = 1,M^ = 8 representation in |3^. This corresponds 
to a dimension 5 operator. Referring to the table of [^], this is a linear combination of 
6^603 and 6'^60s where Op is the chiral primary tr{$(^i$^2 ■ --^^p)} — traces. Here, 60 
(SO) represents either the commutator or anti-commutator, as appropriate, of O with the 
supersymmetry generator Q (Q). We also note from the table that this is a vector operator, 
as expected. 

For large u, we can make the following expansion 

1 1 / «2 ^2 

— 1- — + — + ■ 



Thus, we obtain deformations that are multiplied by a higher power of the dipole length. 
We will work through some of the 0{L'^) terms. 

For the deformation of the sphere S^, we have 

Vb) = —2 + ^(^ )) - t^ace 

We immediately see from the above that this must transform in some component of the 
15 (8>sym 15 = 84 © 20 © 15 © 1. With a little work, one can see that the correct component is 
the 84. In terms of spherical harmonics, this corresponds to the /c = 1, = 12 field in . 
We can read off the weights from the Young tableaux, giving (2,0,2). Following the table 
of |^0|, we can see that this corresponds to the operator 5^5^(94. This is a scalar operator of 
dimension 6. 

Also, at there are a number of other deformations arising from the term n^M^Mn. 

Specifically, there are /i^, the dilaton and the 33 component of the metric on AdSs. As M^M 
is a symmetric 6x6 matrix, we can see that these transform in the 20 © 1. For the dilaton, 
we can identify the mass of the 20 as = 12. Thus, this is also a dimension 6 operator. 
Again, reading from identifies the operator as some combination of 5^ and 5^ acting on 
For the trace of the metric, we are presented with a problem. The metric has a term 
in its equation of motion arising from the product of two three-form NSNS fluxes, giving 
a term also of order 0{L?'). Thus, it can no longer be treated as a linear perturbation on 
the AdS background. The fact that we got the correct answer for the traceless part of the 
metric perturbation is due to the fact that the product of the NSNS fluxes does not have 
any component that transforms in the 84, and so it can be treated as a linear perturbation. 
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6 The Geometry of the Supergravity 



We now investigate some of the geometrical features of the metric (^. The key things to 
note are the behavior of X3 coordinate and the as a function of u. We first discuss the 
generic behavior and then give a detailed analysis of a useful special case that will occupy 
us for the remainder of the paper. General deformations of the were also studied in a 



slightly different context in [BTI]. 



6.1 The Boundary 

The behavior near the boundary is governed by the rank of M. For maximal rank, the 
quadratic function fi^ Mn is always positive definite. It has 12 local extrema on S^. 
These consist of pairs of antipodal points - each pair corresponds to an eigenvector of M^M 
with the two (±) sign options. The metric is asymptotically AdS4 x x where the 
is deformed, and both the and are small compared to the AdS. 

If the rank of M is less than maximal, the quadratic form fi^ Mn has a locus of zeroes. 
This locus is S**"^ where r = 2, 4 are the possible nonzero values for the rank. Locally on 
the zero locus, the metric is indistinguishable from ordinary AdSs x S^. This should be 
related to the fact that some scalar fields do not have a dipole length. We do not claim to 
understand the exact connection. 

The metric on becomes degenerate as m ^ 0. For M of maximal rank, the metric on 
at u = is 

ds^ = Trdh ' dh — — 

Let ri, a unit vector in R^, parameterize a point p G S^. Then Mn defines a direction in the 
tangent space TpS^, since fi^ Mn = 0. It is easy to see that the metric is degenerate along 
this direction. Thus, Mn defines a vector field on along which the metric is degenerate. 
This is the vector field induced by the infinitesimal 5*0(6) action on given by M G so(6). 
To analyze the degenerate further we need to know more about the eigenvalues of M. 
Let the eigenvalues be ±iai, ±ia2, ^ia^. If ai = 02 = cts then the flow lines of the vector 
field Mn are closed circles. can be described as a circle bundle over CP^, and the vector 
field is along the circle. At m = the then shrinks to CP^. This particular case will be 
discussed more extensively in the next section. For the general case, we can identify with 

14 



and introduce the following coordinates 

. . I ^ , 9 e*^r sin 9 e'^"' 



In these coordinates, the deformation of the sphere only affects the three coordinates a, (3 
and 7. The vector Mn is solely along this torus and, for generic ratios between these angles, 
the flow is dense in this torus. However, this is not a true fibration, and to avoid such 
complications we will only work with the simpler case. 



6.2 The Hopf Fibration 

The case when all three eigenvalues of M are equal is the case where all of the scalar fields 
have the same dipole length. The analysis of the UV behavior of the theory will significantly 
simplify in this situation. 

We set |L = ai = 0:2 = as and 

/ 



M 






-L 
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J 



(6) 



v 

For L 7^ 0, this choice of M breaks all of the supersymmetry but it preserves a f/(3) C 
50(6) subgroup of the R-symmetry. The advantage of this choice of M is that the factor 
Mn = LF' is independent of n. According to the definition of M in subsection ( |2.2| ), 
the bosons have dipole lengths ±27rl/, three of the fermions have dipole lengths ivrL and 
the remaining (complex) fermion has length iSvrL. 

We now write the metric on the deformed explicitly. Let a unit vector h which 
parametrizes in be given by 



n 



'1 + |a|2 + |/5|2' + + ^iTW+W, 

with a and (3 complex. Thus, the is given as a circle fibration parametrized by 7 over 
parametrized by a and (3. This is the famed Hopf fibration. The advantage of these 
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coordinates is that the vector Mfi points along the direction of the fiber for M given as in 
i). 

It can be shown that the metric on a regular is in these coordinates 



- YTW+W ~ I^ + W+¥W ^ \ ^ ^ ^^+W+W ) 

where the first 2 terms describe the Fubini-Study metric on CP^. 
For our deformed sphere, the metric is 



2 



(7) 



dn dn 



V? + X^n^ Mh l + |a|2 + |/5|2 (i + |a|2 + 



|2^2 



/ \m.{ada + (3dl3)\^ 
^m2 + A2L2 V ^ ^ T+W+W) 

The 5x5 determinant of the above metric can be calculated to be 

U2 \ 1 



det g 



Thus, the salient features of our deformed are as follows 

• It has the structure of an (Hopf) fibration over a base CP^. An SU{3) subgroup of 
50(6) acts freely on CP^. 

• Invariance of the metric of the deformed under U{3) C 5*0(6) implies that the 
metric on the base CP^ is independent of the position, and the metric on the fiber 

is similarly homogeneous due to the U{1) isometry which rotates the fibers. 

• The radius of the fiber is independent of the CP^ coordinate and is given by 

u 

p{u) = n^=^=. (9) 



The volume of CP^ is constant and given by 



Volume(Cp2) = y7^^ 



Finally, in these coordinates, the NSNS 2-form is given by 

B = —dx-:i A lb. 

y2 + ^2^2 
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Here ip is the global angular 1-form of the Hopf fibration. In the notation of (|^, it is given 

by _ 

Im(ada + l3dl3) 

= l + |af + |/3r 

The 3-form field strength is given by 

H = dB = —dx':i A dtb -\ = du A dx^ A tb. 

Here dip is the closed harmonic 2-form that generates H'^{CP'^,Z). 



7 Nonlocality in the Supergravity Dual 

We now come to the heart of the paper. In this section, we will show how the nonlocality 
of the field theory is manifested in the geometry of the boundary of the supergravity. We 
will continue to work with the special case described above in (|6.2| ). In this situation, as 
described in that section, the fiber shrinks to zero size on the boundary, and, as such, should 
be T-dualized to obtain a classical description. This will make the dipole nature of the 
nonlocality evident. 



7.1 T-duality of the Fiber 

As we approach the boundary of our solution, u 0, the volume of the base CP^ remains 
a constant. However, the circle fibered along it shrinks to zero size. Note that the dilaton 
also approaches zero since 

g2(</.-9io) ^ 

It is easy to see that the curvature of the deformed is still of the order of magnitude of 
even when u <^ XL. However, when p{u) becomes of the order of magnitude of the string 
length, cannot trust the supergravity approximation anymore. This happens when 

u ~ a'^/^n-'XL = X"^L. 

Since the circle shrinks to zero, we have to perform T-duality on that direction. As we 
shall see in section @, there is a subtlety that complicates matters, but for the time being 
we will naively apply the standard T-duality formulae. 
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Again using the equations of ^ , we obtain type-IIA with the metric 

TV ~ a'^ 

ds^ = —(dt^ — dxl — dx\ — du^) Tridx^ + Ld'jY ~ '^d'y'^ 

-(constant CP^). (10) 

We also have 



e 



24, _ £ _ ^ / Ss 



A-nN 

i2 



E 5 \Lu lYa{ada + I3dl3) 

, ^ ~(u2 + A2L2)2 l + |a|2 + |/5|2 ■ 

where if is the 3-form NSNS field strength. In addition, there is a non-trivial RR 4-form 
field strength which we will not write down. Note that the type-IIA dilaton becomes a 
constant. Despite the ominous factor < 1 in (0), we see that type-IIA supergravity 

1 /2 

is a good approximation. No two points that are closer than a' are identified. The only 
identification is 

(. . . ,X3,7) ~ (. . . ,X3,7 + 27r) 
and the distance between those two points is large when u ^ 0. 



7.2 Nonlocality on the Boundary 

The metric in equation (|10D is a striking manifestation of the nonlocality of the field theory 
in the boundary metric. It describes the X3 direction fibered over a small circle of radius ^ 
parameterized by 7. The proper distance between the point with coordinates (0:3, 7) and the 
point with coordinates [x^ + 27rL, 7) ~ (xs, 7 — 2ti) is which is of stringy scale. On the 
other hand, the proper distance between (x3,7) and (X3 + A, 7) is of order ^ 00 when 
A is not an integer multiple of 2ttL and m — > 0. In the field theory, this is translated into 
nonlocal interactions between fields at points that are separated by a distance of L = 2'kL. 
If we think of the matter content of the dual SYM theory as constituting momentum modes 
along the S^, then, after T-duality, the nonlocality should be reflected in the winding number 
around the T-dual circle. This is exactly what we see here. 

The metric ( p!OD also shows that the 4D superconformal group is restored since the new 
coordinate X3 + L7 can be attached to the AdS4 part of the metric to form AdSs. This 
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is to be expected because the nonlocal interactions have a minimal distance L. At short 
distances the vicinity of each point should look hke a 4D CFT and the interactions with 
fields at distance L seems like an interaction with extra degrees of freedom outside the small 
neighborhood of the point. 

7.3 A Note on Momentum Conservation 

It is interesting to note that, because is contractible, the winding number along the 
fiber is not conserved. This is equivalent to the fact that the fibration has a nontrivial first 
Chern class. In order to contract the circle, however, one needs to pull it around a nontrivial 

2- cycle of the base CP^. So, a concrete process that violates winding number conservation 
is to start with a small string on CP^ and then to gradually increase its size until it extends 
around the equator of a topologically nontrivial CP^ = inside CP^. Then we contract the 
string along the other hemisphere of the CP^. At the end of the process, the string is wound 
around the fiber S^. This process requires energy scales of the order of the circumference of 
the equator of the CP^, i.e., E TZ/a' 

Because of this, after T-duality, momentum along the 7-direction also must not be con- 
served. After T-duahty, the 7-circle is fibered trivially over the CP^. Instead, we have a 

3- form NSNS field strength, H^ah, along the circle and two directions inside the CP^. It is 
easy to see that H^ab is proportional to d'yAuo where u is the harmonic 2-form on CP^. 

The process that violates momentum conservation along the 7-direction is the same as 
before. We start with a pointhke string inside CP^ and deform it to go around a nontrivial 
2-cycle inside CP^ and then shrink it back to a point. Let X{a, r) be the closed path of the 
string as a function of time r and string coordinate < cr < 2%. Note that when both a and 
r vary, the function X{a, r) spans a surface that is homologically equivalent to the nontrivial 
2-cycle inside CP^. The violation of momentum conservation is due to the "magnetic" forces 
on a moving string in the presence of an = dB field strength. The total 7-momentum 
transfer is 




The RHS is the integral of the 2-form uo along the nontrivial 2-cycle. 
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8 The Fermions 



In the previous section we saw that T-duahty on the fiber of the deformed leads to a 
simple picture of nonlocality on the boundary. The nonlocality scale, L = 2ttL, of the field 
theory matched nicely with the nonlocality scale on the boundary. In general, the proper 
distance between any two distinct points along the X3-axis becomes infinite on the boundary 
because of the large rescaling factor If the X3 coordinates of the two points differ by an 
integer multiple of L then, as we saw in subsection ( |7.2| ), one can make a "shortcut" through 
an extra dimension that came from the T-dual of the and go from one point to the other 
via a path whose proper length is shorter than the string scale. 

However, the logic behind this picture is incomplete. To understand the problem, we will 
begin with a puzzle. 



8.1 What About the Fermions? 

The supergravity metric presents a nonlocal behavior that connects two points at X3-distance 
of L, and this is indeed the dipole vector of the scalars of our field theory. But what about 
the fermions? Their dipole vectors, as mentioned below equation (^), are ±-| or 

One might try to argue that we should only consider fermion bilinear operators but this 
does not appear to be the case. Obviously, there are fermionic operators in the theory. 
Moreover, let us consider gauge invariant operators in the field theory that also carry R- 
symmetry charge. Specifically, let us consider the f/(l)c center of the t/(3) C Spin{6)j^ that 
keeps the dipole matrix invariant. This U{l)c acts on the S^, and it is easy to see that 
it is represented by rotations of the fiber S^. The dipole vector of any field $ is given by 

times its f/(l)c charge. To make a gauge invariant operator we need to include an open 
Wilson line, for example 

W = tT{<!>{x)e'^c^>^dx^}^ (11) 

where C is an open path whose endpoints are at 0:3 — ^ and X3 + ^. 

In the supergravity dual, closed Wilson lines correspond to closed paths on the boundary 
. The operator W will also correspond to a closed path. It is the path that starts along 



C on the boundary and then winds around the T-dual to make the shortcut from (0:3 — ^) 
to (x3 + Note that after T-duality, the U{l)c charge is mapped to winding number along 
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the T-dual S^. See also for a related discussion. 

Now suppose that $ is a fermion dipole field of length ^. There is no way to close the 
Wilson line in the super gravity dual. 

8.2 A Missing (-)^ 

The problem with the T-duality argument of subsection (O) is revealed by a careful analysis 



of the boundary conditions of the fermions around the fiber of the Hopf fibration of S^. 
As we will now argue, the fermions have anti-periodic boundary conditions around the S^, 
and one should include (— )^ in the boundary conditions, where F is the fermion number. 
Our setting is reminiscent of the geometry in [^]. 

An observer living on our deformed who cannot venture out over distances of the order 
of TZ sees only a small neighborhood U of CP^. In this neighborhood, fields vary slowly and 
the fiber is noncontractible. The fibration has the structure of W x S^, and, if our local 
observers wish to describe fermions in their neighborhood, they have the option of choosing 
either periodic or anti-periodic boundary conditions around S^. The geometric holonomy 
around S^, calculated from the Levi-Civita connection, is the identity in 5*0(5). However, 
as it turns out, the small fiber is contractible inside the whole deformed S^, but in order 
to shrink it to a point one must first deform the circle to a path of length at least 27r7^. This 
fact allows one to calculate the holonomy for fermions around the fiber S^, and, as we will 
see below, it is —1 G Spin{5). Thus a local observer would have to choose the anti-periodic 
boundary conditions and insert {—)^ in every calculation. 

In more mathematical terms, let T^.S^ be the tangent bundle over S^. To define spinors 
on we need the spin bundle, S over S^. The structure group of S is Spin{5) which is 
a double cover of S0{5). Now pick a fiber over a point p of the base CP^. Take a 
neigborhood U G CP^ of the point p. The restriction of the S^-fibration to W is a manifold 
that is of the form U x S^. Over W x there are two possible spin structures. In the first 
one, S+, the spinors have periodic boundary conditions around the and in the second, 
the spinors have anti periodic boundary conditions. The appropriate spin structure can 
be calculated from the Spin{5) holonomy around in S. It turns our that the holonomy is 
— 1 G Spin{5). To see this one can continuously deform the fiber to a point inside and 
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trace the holonomy around the closed loop as it changes from 1 G Spin{5) when the loop is a 
point to — 1 G Spin{5) when the loop becomes the fiber. To actually calculate the holonomy, 
note that the fiber is a circle of radius TZ inside S^. Pick an C that contains 
as its equator. Over S^, S reduces to the spin bundle of times a trivial bundle. So the 
holonomy is the same as the holonomy of a spinor on around the equator which is —1. 

It may seem at first sight that because of the {—)^ we are actually describing strings 
at high temperature as in (and see also for recent discussions). The closed 

string spectrum would then develop a tachyon when the shrinks to a size smaller than the 
string scale, and our discussion would be rendered invalid. However, the same —1 G Spin{5) 
holonomy is there even for the supersymmetric AdSs x since the geometry of the is 
the same except for the size of the fiber. This means that the must support covariantly 
constant spinors, and something else should cancel the — 1 G Spin{5) phase. Indeed, the 
Dirac equation of motion for a fermion ip on AdSs x contains an extra term, in addition 
to the spin connection. This term is proportional to (Fs)^^, .^gr^i'"^^'?/' where is the 5-form 
RR field strength (see, for example, [0). When integrated around the fiber S^, this extra 
term gives an additional phase of (—1) so that altogether a covariantly constant spinor is 
possible for an S'0(6)-symmetric S^. 

It is important to point out that the {—)^ phase coming from the geometric holonomy 
is a global effect. If we return to our local observer on S^, the {—)^ rule will seem to them 
as an arbitrary rule of nature. On the other hand the {—)^ phase coming from can be 
calculated locally. This has important implications to the application of T-duality. 



8.3 T-duality with (-) 



F 



The anti-periodic boundary conditions for the fermions around the fiber imply that we 
cannot just perform T-duality and get a type-IIA background with a large S^. Instead we 
get a type-OA theory. Such theories where discussed in Their spectrum contains 

no fermions, and their bosonic massless spectrum is the same as that of type-IIA string 
theory but with two copies of every field in the RR sector. The main complication is that 
they also contain a tachyon. However, in our case the tachyon could very well be absent. 
In the tachyon came from a string winding state in the RR sector. There, because of 
the extra (— )^, there was a negative zero point energy for the worldsheet oscillators. In 
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our case, as we have seen above, the F5 term cancels the {—)^, and therefore the winding 
state is quite likely to remain massive. The disappearance of the tachyonic instability is also 
supported by the arguments of . There it was argued that a background RR flux provides 
a positive shift to the (mass)^ of the tachyon. If that is indeed the case, it is plausible that 
the UV region is described by type-OA string theory with the general features of the weakly 



curved metric described in section {7_A). Note that the magnitude of the 4-form RR field 
strength in type-OA is ^ = gV^M^. This means that when gg is small, this field strength 
is large relative to the string scale but small relative to the Planck scale. Thus it appears 
that our dipole theory describes an RG flow from type-IIB string theory to type-OA string 
theory.^ However, quantizing strings in strong RR backgrounds remains an open problem, 
and type-OA is also likely to have a large cosmological constant, so this conjecture is hard 
to verify. 



8.4 Resolution of the Puzzle 

Assuming that T-duality to a weakly coupled type-OA theory is possible, the puzzle about 
spinor operators with half-integral dipole length is resolved as follows. The type-IIB com- 
pactification on of radius R with the extra (— )^ twist can be described as the orbifold of 
a compactification on a circle of radius 2R by the Z2 action {—)^^^ where P is the Kaluza- 
Klein momentum. The T-dual is therefore an orbifold of type-IIA on a circle of radius 
by (— )^+^ where W is the winding number. Now we see that in the untwisted sector of the 
T-dual background, strings that are spacetime bosons must have even winding number, and 
strings that are spacetime fermions must have odd winding number. Thus, the resolution of 
the puzzle is that the dual theory is not type-IIA on a circle of radius but rather type-OA 
on a circle of radius t^. 



9 Correlation Functions 

In a local field theory, correlation functions of operators, {0{x)0{y)) , have short distance 
singularities when x y. In dipole theories, we expect a singularity to appear also when 
X y ± Li, where Lj is one of the characteristic vectors of nonlocality as in section (|^). 
^We are grateful to Igor Klebanov for pointing this out. 
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In the special case we study in this paper, the length of the characteristic vectors of the 
scalars is L = 2ttL. For operators 0{x) that have no dipole length of their own (for example 
tr{F^^}) we therefore expect 

and then in momentum space we expect to find a term that behaves like 

For operators O (x) that do have a length we expect the behavior of the correlation function to 
be more complicated since the operators contain nonlocal Wilson lines as in (|ri|). It is likely 
that the correlation functions exhibit an exponential behavior ~ g V (const )|fc3|L analogous to 
that of noncommutative geometry [0, For the rest of this discussion we will restrict 

ourselves to operators 0{x) with dipole length zero. 

We can use the AdS / CFT correspondence to compute these correlation functions in the 
large N limit. We will restrict ourselves to the special case where the R-symmetry is broken 
from Spin{6) down to U{3), as in section (|6.2|) . Because the AdS/CFT correspondence 
directly probes the nonperturbative nature of the field theory, it is perhaps a bit too much 
to expect to see the exact form above, but, in the limit of high momentum along the dipole 
direction, a sign of nonlocality would be a rapid oscillation in the correlation function in 
momentum space. 

It is, in general, a difficult problem to decouple the fields on a nontrivial background such 
as any of the examples in this paper. Following |57], we will simply postulate that there 
exists a massless scalar living on our spacetime.0 In particular, it should satisfy the field 
equation 

(e-^^^/d^ g^''dM^,u)^ = 

where x = (t, Xi,X2, x^). 

This is still quite a difficult problem to solve, but we will soon see how it can be simplified. 
In particular, we recall the determinant of the metric of the sphere, (|]), in the Hopf fibration 
coordinates. Including the AdS portion of the metric, we have 

det g = n''( ^^Vw-io ^ 



^We are grateful to M. Rozali for a discussion on this point. 

•^We are grateful to I.R. Klebanov for explaining the relevant issues to us. 
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We immediately see that this factors into a contribution that depends on the sphere and one 
that depends on the AdS. Thus, because our metric is block diagonal, we can choose our 
scalar field to be constant on the sphere, and all contributions from the sphere will cancel 
out of our equations. Another happy fact is that the contribution from the dilaton exactly 
cancels the m^/ (m^ + A^L^) term reducing this to almost the standard massless field equation 
on AdS space. 

As usual, the most interesting part of the equation comes from the u coordinate, so we 
write 

Then ip satisfies the following equation 

u'd^ ( -,dMn)] + ik'- 1 Viu) = 



If we expand this, we obtain 

- + \ k — <^ = 0. 

u \ 

We recognize this as the equation for a massive field in ordinary AdS space with mTZ = Xk^L. 
Thus, we can copy the final result from equation (44) of 



where v = \J A + [k^Ly. 

Let us now take the limit that k^ ^ oo. In this limit, we have 



{0{k)0{-k)) 



sin(7ri/) V r(i^) J sin^nXk^L) 

It exhibits an oscillatory behavior but not quite what we have anticipated. We expected 
the wavelength of the nonlocal behavior to be an integer multiple of the dipole length. This 
is not what we observe here. This is a puzzling phenomenon, but it is consistent with the 
observation from the supergravity dual that the scale of the nonlocality is actually XL rather 
than just L. Since XL » L there is no immediate contradiction. It could be that in the 
large A limit the dominant contribution to the nonlocal behavior of the correlation function 

25 



comes from the nonlocality on scale [X\L (where [A] is the integer that is closest to A). It is 
important to realize, however, that the supergravity approximation ceases to be valid when 
u < a'^^^TZ^^, as we explained in subsection (|7.1|). This suggests that the above calculation 
may not be entirely valid. This is worthy of further investigation. 



10 Discussion 

In this paper, we have shown how the nonlocality of dipole theories is manifested in the 
supergravity dual. We discovered that the metric becomes degenerate at the boundary of 
the spacetime and that this could be used to explicitly demonstrate the nonlocality. Although 
this feature of the metric was shown using the naive T-duality to type-IIA and, as we argued 
in section (^), one actually gets type-OA with a strong RR field strength, we believe that the 
metric still has this general structure. This should be a generic feature of the supergravity 
duals of nonlocal field theories. It is not a surprising result. Nonlocality, when realized in 
some limit of string theory, cannot be a purely supergravity effect. The nonlocality must be 
a result of the inclusion of some stringy degrees of freedom on the boundary. The degeneracy 
of the metric in string frame means that we cannot treat the boundary as classical, and this 
is the source of the nonlocality. 

It is worthwhile to compare this situation to that in noncommutative geometry to see 
if we can distill some more general features of the supergravity dual. The discussion that 



follows has some features in common with ||31||,||59||- 



Recall that the metric of the supergravity dual of NCSYM is || (ignoring dimensionless 
constants) 

ds'^ = ~ (dt^ ~ dx\ ^ {dx\ + dxg) — du^\ 



The other fields are 



4 _^ 

e 
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''We are grateful to A. Hashimoto for pointing out some of these references and for discussing this with 

us. 
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We see that both the second and third directions go to zero length on the boundary, 
indicating some sort of stringy effect. Note that here, the degeneracy is in the AdS part of 
the metric indicating that the nonlocahty is part of the space that the field theory lives on. 
This is in contrast to our dipole theories where the degeneracy is on the indicating that 
the nonlocality is part of the field content of the theory. 



Following the same procedure as in (|7.2|) , we compactify these directions and T-dualize 
along one of them, say the second. As before, the presence of the B-field gives rise to cross 
terms in the metric. Specifically, after T-duality, we have, isolating the 2 and 3 directions 

w' + 6^ 

If we take the m — > limit, we can rewrite this as 

2 _ 1 (aA„ , A„ ^2 



ds = — {6dx2 + dx 



u 



3; 



This has almost the same form as the metric we obtained in section (|7. 1|) . When we 
traverse the 2-circle, the above coordinate gets shifted by 9. As T-duality interchanges 
momentum with winding, we interpret this as a dipole in the 3 direction with length equal 
to 9 times the momentum. This is exactly the situation in NCSYM. 

What are the general features of the supergravity duals of nonlocal field theories that we 
can infer from this? 

• The metric becomes degenerate on the boundary of AdS. 

• The NSNS 2-form field has a component along the degenerate direction. 

• We can (perhaps after compactification) T-dualize along this direction. 

• After T-duality, the NSNS 2-form field induces off-diagonal terms in the metric that 
can be interpreted as a fibration over a string scale circle. 

• The nonlocality of the field theory is manifested by the shift in the new coordinate as 
we go around the string scale circle. 

While these features may not be generic for all nonlocal theories, it is not unreasonable 
to assume that they may be generic for the generalized dipole theories mentioned at the 
end of section of which both the dipoles discussed here and those of noncommutative 
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geometry are a special case. In [TU| a generalization of dipoles to the case of the (2,0) theory 
was proposed where, instead of constant length dipoles, there are constant area "discpoles". 
This should have a supergravity dual of the from AdSy x S"^. It would be interesting to 
investigate the effects of nonlocality on the supergravity in this situation. 

Before concluding let us return to a loose end from the beginning of section (j^). We 
mentioned that the twisted string theory backgrounds are unstable if supersymmetry is 
broken. This instability was discussed in ^ and is related to the instability of 

Kaluza-Klein compactifications without supersymmetry ||2^. In section ( p.2|) we used a 
nonsupersymmetric twisted theory, and we therefore expect it to be unstable. However, the 
probability for decay per unit time and volume is exponentially suppressed as Qs ^ 0. In the 
large N limit (keeping QsN fixed) we can therefore assume that the background is stable. It 
is interesting to ask whether the dipole field theory on the probe is also unstable. We will 
not address this question here. One possibility suggested by O. Aharony is that a potential is 
generated on the Coulomb branch of the dipole field theory that makes the origin unstable. 
This is currently under investigation. 
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A Generic Orientation of the Dipole Vectors 



In section we promised to describe the supergravity solution for generic dipole theories 
where the various dipole vectors are not all along the same direction. In order to avoid 
clutter, we will set a' = 1 in this appendix. 

We start with a D3-brane extended in the 0123 directions, compactified on a with 
radii {Ri, R2, Rs)- The relevant non-zero fields are 

ds^ = {dt^ - {Ridx^f - {R2dx^f - (Rsdxy) - VHidx'^y 

V H 



0123 



where 



1 

(p = (12) 



The roman indices a,b, . . . run from 4 to 9, and we use greek indices to indicate the com- 
pactified directions 1,2,3. Starting from the solution (|T^, we perform the T-duality trans- 



formation three times, in the three compactified directions using the formulae of [33, 34 



The answer, which is a DO-brane smeared over the T-dual torus : {R^ ^, i?2 ^, -R3 is 



ds' 



(1) 



4 



° " H 



p2 p2 p2 



(13) 



Now, we introduce the three twists, by replacing 

dx" — > dx" - ^{n^^y)dx^' 

where [Vt^)^ = —fl^ are commuting elements of S0(6). The metric with the twist is 

ds^ = -^df - Vh (^(^)' + (^)' + (^)'] -VH{dx^ - {K,x')dx^f (14) 

Now, we T-dualize three times to get back the metric for a D3-brane with a dipole theory 
living on it. Define = R^Vl^ (no contraction over /z) and x'^ = rn"' where fi^fi = 1. With 
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some work, the metric turns out to be (here and below there is no contraction in terms hke 



-[R^dx^)[Rydx ) 



VH 2D 
- y/H{r^dn^dn) 

^ 1^ 2D 

where we have defined 

and 

The other nonzero fields are 



(4) ^ ]_ 

H 



^0123 



I— T'TD ^ nTl 

Bj^^dx^Adn'^ = -v^j^^da;^— ^ (15) 

XL J/ 



2D 

D 



For = = this reduces to the answers for a single twist. It is interesting to ask 
what happens when the twists, M^, do not commute. In this situation, the Ricci scalar of 



the twisted metric (|T^) has a field strength term, and thus the metric is no longer a solution 
to the supergravity equations. 
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